The Lane-Emden type equations are employed in the modelling of several phenomena in the areas of mathematical physics and astrophysics. In this paper, a new numerical method is applied to investigate some well-known classes of Lane-Emden type equations which are non-linear ordinary differential equations on the semi-infinite domain [0, ∞). We will apply a meshless method based on radial basis function differential quadrature (RBF-DQ) method. In RBFs-DQ, the derivative value of function with respect to a point is directly approximated by a linear combination of all functional values in the global domain. The main aim of this method is the determination of weight coefficients. Here, we concentrate on Gaussian(GS) as a radial function for approximating the solution of the mentioned equation. The comparison of the results with the other numerical methods shows the efficiency and accuracy of this method.
Introduction

The Lane-Emden equation
The study of a singular initial value problems modelled by second-order non-linear ordinary differential equations (ODEs) on a semi-infinite domain have attracted many mathematicians and physicists. One of the equations in this category is the following Lane-Emden type equation:
with initial conditions:
where α, A and B are real constants and f (x, y) and h(x) are some given continuous real-valued functions. For special forms of f (x, y), the well-known Lane-Emden equations occur in several models of non-Newtonian fluid mechanics, mathematical physics, astrophysics, etc [1, 2] . For example, f (x, y) = q(y), the Lane-Emden equations occur in modelling several phenomena in mathematical physics and astrophysics such as the theory of stellar structure, the thermal behaviour of a spherical cloud of gas, isothermal gas sphere and theory of thermionic currents [1, 2] . Let P (r) denote the total pressure at a distance r from the center of spherical gas cloud. The total pressure is due to the usual gas pressure and a contribution from radiation:
where ξ, T , R and υ are respectively the radiation constant, the absolute temperature, the gas constant, and the specific volume, respectively [3, 4] . Let M (r) be the mass within a sphere of radius r and G the constant of gravitation. The equilibrium equation for the configuration are dP dr
where ρ, is the density, at a distance r, from the center of a spherical star [1] . Eliminating M yields of these equations results in the following equation, which as should be noted, is an equivalent form of the Poisson equation [4, 5] :
We already know that in the case of a degenerate electron gas, the pressure and density are ρ = P 3/5 , assuming that such a relation exists for other states of the star, we are led to consider a relation of the form P = Kρ where λ represents the central density of the star and y denotes the dimensionless quantity, which are both related to ρ through the following relation [1, 5] : .
Inserting these relations into our previous relation we obtain the Lane-Emden equation [4, 5] : 
at this point, it is also important to introduce the boundary conditions which are based upon the following boundary conditions for hydrostatic equilibrium and normalization consideration of the newly introduced quantities x and y. What follows for r = 0 is
ρ = λ → y(0) = 1.
Consequently, an additional condition must be introduced in order to maintain the condition of Eq. (5) simultaneously:
In other words, the boundary conditions are as follows
The values of m, which are physically interesting, lie in the interval [0, 5] . The main difficulty in analysing this type of equation is the singularity behaviour occurring at x = 0. As it has been mentioned in the literature review, the solutions of the Lane-Emden equation could be exact only for m = 0, 1 and 5. For the other values of m, the LaneEmden equation is to be integrated numerically [5] . Thus, we decided to present a new and efficient technique to solve it numerically for m = 0, 1, 1.5, 2, 2.5, 3, 4 and 5.
Methods have been proposed to solve Lane-Emden type equation
Many problems in science and engineering arise in unbounded domains. Different numerical methods have been proposed for solving problems on unbounded domains [6] [7] [8] [9] [10] [11] [12] [13] . Recently, many analytical methods have been used to solve Lane-Emden equations, the main difficulty arises in the singularity of the equation at x = 0. Currently, most techniques in use for handling the Lane-Emden-type problems are based on either series solutions or perturbation techniques. Bender et al. [14] , proposed a new perturbation technique based on an artificial parameter δ, the method is often called δ−method. Mendelzweig and Tabkin. [15] used quasi-linearization approach to solve Lane-Emden equation. This method approximates the solution of a non-linear differential equation by treating the non-linear terms as a perturbation about the linear ones, and unlike perturbation theories is not based on the existence of some kind of a small parameter. He showed that the quasi-linearization method gives excellent results when applied to different non-linear ordinary differential equations in physics, such as the Blasius, Duffing,Lane-Emden and Thomas-Fermi equations. Shawagfeh [16] applied a non-perturbative approximate analytical solution for the LaneEmden equation using the Adomian decomposition method, his solution was in the form of a power series. He used Padé approximants method to accelerate the convergence of the power series. In [17] , Wazwaz employed the Adomian decomposition method with an alternate framework designed to overcome the difficulty of the singular point. It was applied to the differential equations of Lane-Emden type. Later on [18] he used the modified decomposition method for solving analytical treatment of non-linear differential equations such as Lane-Emden equations. The modified method accelerates the rapid convergence of the series solutions, dramatically reduces the size of work, and provides the solution by using few iterations only without any need to the so-called Adomian polynomials. Liao [19] provided a reliable, easy-to-use analytical algorithm for Lane-Emden type equations. This algorithm logically contained the well-known Adomian decompositions method. Different from all other analytical techniques, this algorithm itself provides us with a convenient way to adjust convergence regions even without Padé technique. J.H. He [20] employed Ritz's method to obtain an analytical solution of the problem. By the semi-inverse method, a variational principle is obtained for the Lane-Emden equation, which he gave much numerical convenience when applied to finite element methods or Ritz method. Parand et al. [21] [22] [23] presented some numerical techniques to solve higher ordinary differential equations such as Lane-Emden. Their approach was based on a rational Chebyshev and rational Legendre tau method. They presented the derivative and product operational matrices of rational Chebyshev and rational Legendre functions. These matrices together with the tau method were utilized to reduce the solution of these physical problems to the solutions of systems of algebraic equations. Also, in some paper's [24] [25] [26] [27] [28] [29] ,Parand et al. applied pseudo-spectral method based on rational Legendre functions, Sinc collocation method, Lagrangian method based on modified generalized Laguerre function, Hermite function collocation method ,Bessel function collocation method and meshless collocation method based on Radial basis function (RBFs) to solving the Lane-Emden type equations. Ramos [30] [31] [32] [33] solved Lane-Emden equations through different methods. In [30] he presented linearzation methods for singular initial value problems in second order ordinary differential equations such as Lane-Emden. These methods result in linear constantcoefficient ordinary differential equations which can be integrated analytically, thus they yield piecewise analytical solutions and globally smooth solutions [31] . Later, he developed piecewise-adaptive decomposition methods for the solution of non-linear ordinary differential equations. Piecewise-decomposition methods provide series solutions in intervals which are subject to continuity conditions at the end points of each interval and their adoption is based on the use of either a fixed number of approximants and a variable step size, a variable number of approximants and a fixed step size or a variable number of approximants and a variable step size. In [32] , series solutions of the Lane-Emden equations based on either a volterra integral equations formulation or the expansion of the dependent variable in the original ordinary differential equations are presented and compared with series solutions obtained by means of integral or differential equations based on a transformation of the dependent 4 variables. Yousefi [34] In [43] Karimi vanani and Aminataei provide a numerical method which produces an approximate polynomial solution for solving Lane-Emden equations as singular initial value problem. They are initially, used an integral operator and convert Lane-Emden equations into integral equations. Then, convert the acquired integral equations into a power series and finally, transforming the power series into padé series form. Kaur et al. [44] , obtained the Haar wavelet approximate solutions for the generalized Lane-Emden equations. These method was based on the quasi-linearization approximation and replacement of an unknown function through a truncated series of Haar wavelet series of the function. so, the other researchers trying to solving the Lane-Emden type equtions with several methods, For example, Yıldırım andÖziş [45, 46] by using HPM and VIM methods, Benko et al. [47] by using Nyström method, Iqbal and javad [48] by using Optimal 5 HAM, Boubaker and Van Gorder [49] by using boubaker polynomials expansion scheme, Daşcıoglu and Yaslan [50] by using Chebyshev collocation method, Yüzbaşı [51, 52] by using Bessel matrix and improved Bessel collocation method, Boyd [53] by using Chebyshev spectral method, Bharwy and Alofi [54] by using Jacobi-Gauss collocation method, Pandey et al. [55, 56] by using Legendre and Brenstein operation matrix, Rismani and monfared [57] by using Modified Legendre spectral method, Nazari-Golshan et al. [58] by using Homotopy perturbation with Fourier transform, Doha et al. [59] by using second kind Chebyshev operation matrix algorithm, Carunto and bota [60] by using Squared reminder minimization method, Mall and Chakaraverty [61] by using Chebyshev Neural Network based model, Gürbüz and sezer [62] by using Laguerre polynomial and KazemiNasab et al. [63] by using Chebyshev wavelet finite difference method.
In this paper, we attempt to introduce a new method, based on RBF − DQ for solving non-linear ODEs. The organization of the paper is as follows:
In section 2, we briefly explain on the RBF, DQ and RBF-DQ methods. In section 3 we applying the RBF-DQ method and Solving some Lane-Emden type equations.Then, a comparison is made with the existing methods in the literature. section 4 is devoted to conclusions.
Development of radial basis function-based differential quadrature (RBF-DQ)method
In this section, we will show in detail the RBF-DQ method. The RBF-differential quadrature (DQ) method is an interpolation technique in which the radial basis functions are used as basis functions.So, it can be easily applied to the linear and non-linear problems. In the following, we will show the details of RBF-DQ method step by step.
Radial basis functions (RBFs)
The interpolation of a given set of points is an important problem especially in higher dimensional domains. Although polynomials (e.g. Chebyshev and Legendre) are very powerful tools for interpolating of a set of points in one-dimensional domains, the use of these functions are not efficient in higher dimensional or irregular domains. While applying these functions, the points in the domain of the problem should be chosen in a special form, which is very limiting when the interpolation of a scattered set of points is needed. Radial basis functions (RBFs) are very efficient instruments for interpolating a scattered set of points, which have been used in the last 20 years. The use of radial basis functions collocation method for solving partial differential equations has some advantages over mesh dependent methods, such as finite-difference methods, finite element methods, spectral elements, finite volume methods and boundary element methods. Since a large portion of the computational time is spent for providing a suitable mesh on the domain of the problem in mesh-dependent methods, the meshfree methods have an auxiliary role in the numerical solution of partial differential equations. In recent years, to avoid the mesh generation, meshfree methods have attracted the attention of researchers.
In a meshless method, a set of scattered nodes is used instead of meshing the domain of the problem. RBFs were first studied by Roland Hardy, an Iowa State geodesist, in 1968. This method allows scattered data to be easily used in computations. An extensive study of interpolation methods available at the time was conducted by Franke [64] , who concluded that RBF interpolations were evaluated as the most accurate techniques. The theory of RBFs originated as a means to prepare a smooth interpolation of a discrete set of data points. The concept of using RBFs for solving differential equations (DEs) was first introduced by Kansa [65, 66] , who directly collocated the radial basis functions for the approximate solution of DEs. However, in recent years RBFs have been extensively researched and applied in a wider range of analysis. Partial differential equations (PDEs) and ordinary differential equations (ODEs) have been solved using RBFs in recent work [67] [68] [69] [70] [71] [72] [73] [74] [75] .
A well-known space RBF ϕ( X-X i ) : R + −→ R depends on the separation of a field point X ∈ R d and the data centersX i , fori = 1, 2, · · · , N, and N data points. The interpolants are classed as radial function due to their spherical symmetry around centres X i , where . is the well-known Euclidean norm. The most known space RBFs are listed in Table 1 , where r = ϕ( X-X i ) and c is a free positive parameter, often referred to as the shape parameter, to be specified by the user. The shape parameter c within the Gaussian and multiquadric RBFs requires fine tuning and can dramatically alter the quality of the interpolation. Too large or too small shape parameter makes the GA too flat or too peaked. Despite many research works, which are done to find algorithms for selecting the optimum values of ǫ [76] [77] [78] [79] [80] the optimal choice of shape parameter is an open problem, which is still under intensive investigation. One of the most powerful interpolation methods with analytic d-dimensional test function is the space RBFs method, based on Gaussian (GA) basis function
In the cases of inverse quadratic, inverse multiquadric (IMQ) and Gaussian (GA), the coefficient matrix of RBFs interpolating is positive definite and, for multiquadric (MQ), it has one positive eigenvalue and the remaining ones are all negative [81] . The interested reader is referred to the recent books and the paper written by Buhmann [82, 83] and Wendland [84] for more basic details about RBFs, compactly and globally supported and convergence rate of the radial basis functions.
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(1) k+1 + r 2k log(r) Hyperbolic secant(sech) sech(c √ r) Table 1 . Some well-known RBFs(r = X-X i 2 = r i ), c > 0 .
The differential quadrature (DQ) method
Solving differential equations (ordinary and partial) is one of the most important ways engineers, physicists and applied mathematicians use to tackle a practical problem. Thedifferential quadrature (DQ) method was presented by R.E.Bellman and his associations in the early 1970's.
The DQ method is a numerical discretization technique to approximate of derivatives.This method was initiated from the idea of conventional integral quadrature.
Where w 1 , w 2 , · · · w n are weighting coefficients, f 1 , f 2 , . · · · , f n are the functional values at the discrete points a = x 1 , x 2 , · · · , x n = b.
Following the idea of integral quadrature Eq. (6), Bellman at all (1972) [85] suggested that the first order derivative of the function f (1) (x) with respect to x at points x i ,is approximated by a linear combination of all functional values in the whole domain by
Where f (x j ) represents the functional value at a grid point x j and w
(1) ij represented the weighting coefficients, and N is the number of points the whole domain .
So, the m-th order derivative with respect to x at a point x i can be approximated by DQ as
where x j are the discrete points in the domain, f (x j ) and w (m) ij are the function values at these points and the related weighting coefficients.Obviously, the key procedure in the DQ method is the determination of the weighting coefficients w (m) ij . It has been shown by Shu [86, 87] that the weighting coefficients can be easily computed under the analysis of a linear vector space and the analysis of a function approximation.
The RBF-DQ method
According to DQ definition, after domain discretization, the n-th order derivatives of a function f(x) with respect to x, f (n)
x , at the i-th node x i can be written as
In the usual procedure of RBF-DQ method, we combine this method with the radial basis function (RBF) based interpolation of the function f. If ϕ is a RBF and we consider the center point x i , we may write the interpolant to the function f as:
where λ k is the coefficient for ϕ k (x) and ϕ k (x) is a RBF.
Since the RBF values and their n-th order derivatives are known at each node, the unknown weighting coefficients can be determined by solving a linear system of equations:
The above equation can be further put in the matrix form
. . .
According to the theory of RBF approximation, we can write,
Note thatϕ k (x j ) = ϕ( x j − x k ). With solving the system Eq. (12), we obtain the unknown weighting coefficients vector w i .
Applying the RBF-DQ method for solving the Lane-Emden equations
In this section, we explain function approximation based on RBF-DQ method to solve of Lane-Emden type equations. In general the Lane-Emden type equation are formulated as Eq.(1) with initial conditions Eq.(2) According to Eq. (9), an approximation derivative of the first and second order of function f (x) with respect to x, f (1) x , f (2) x , at the ith nod x i , can be writen
Where w
(1) ij and w (2) ij are the weighted coefficient for f (x j ) and x i obtained N-nodes as following equation
Where L is the upper bound of domain problem. Now, with respect the initial value of problem, we have
Then, to apply the collocation mehod, we produced the residual function as following,
By using x i and residual function, we obtained N equation, so by solving these equations we obtained the
Solving some Lane-Emden type equations
Example 1 (The standard Lane-Emden equation)
For f (x, y) = y m , A = 1 and B = 0, Eq. (1) is the standard Lane-Emden equation, which was used to model the thermal behaviour of a spherical cloud of gas acting under the mutual attraction of its molecules and subject to the classical laws of thermodynamic [16] 
with conditions:
where m ≥ 0 is constant. For m = 0, 1 and 5 Eq.(19) has the exact solution, respectively:
.
In other cases, there is not any exact analytical solution. Therefore, we apply the RBF-DQ method to solve the standard Lane-Emden Eq. (19), for m = 1.5, 2, 2.5, 3 and 4. In this example, we construct the residual function as follows:
Therefore, to obtain the coefficient w
i,j and w (2) i,j , Res(x) is equalized to zero at N collocation point. By solving this set of non-linear algebraic equations, we can find the approximating function f i (x). Table 2 shows the comparison of the first zero of standard Lane-Emden equations, from the present method and exact values m given by Hordet [5] and for m=1.5 , 2, 2.5, 3 and 4, respectively and Fig.1 represents the graphs of the standard Lane-Emden equations for m=1.5, 2, 2.5, 3 and 4. Tables 3 − 6 show the obtained y(x) for the standard Lane-Emden equations for m=1.5, 2, 2.5, 3 and 4, respectively, by the proposed RBF-DQ method in this paper, and some well-known method in other articles. Also these tables show the residual function Res(x) in some points of the interval [0, ∞). Table 3 . Obtained values of y(x) for Lane-Emden standard m = 1.5 by present method (c = 1 and N =30). Table 4 . Obtained values of y(x) for standard Lane-Emden m = 2 by the present method (with c = 1 and N = 30). 1.1584e − 6 Table 7 . Obtained values of y(x) for standard Lane-Emden m = 4 by the present method (with c = 1 and N = 30)
Example 2 (The isothermal gas spheres equation)
For f (x, y) = e y , A = 0 and B = 0, (1) is the isothermal gas sphere equation
with conditions
This model can be used to view the isothermal gas sphere. For reading the thorough discussion of Eq. (20), see [2] . This equation has been solved by some researchers, for example [17, 27, 88] by ADM, Hermit collocation method and HPM, respectively.
A series solution obtained by Wazwaz [17] by using ADM and series expansion: The residual function for Eq. (20) is as follows: Figure 2 . Graph of isothermal gas sphere equation in comparison with wazwaz solution [17] Res(x) = x.
By solving the set of equations obtained from N equations Res(x) = 0 at N collocation points, we have the approximating function f i . Table 8 shows the comparison of y(x) obtained by the proposed method in this paper and [17, 27, 28] . The resulting graph of the isothermal gas spheres equation in comparison to the presents method and those obtained by wazwaz [17] is shown in Fig. 2 .
Example 3
For f (x, y) = sinh(y), A = 1 and B = 0, Eq.(1) becomes
14 with conditions
This equations has been solved by some researchers, for example [17, 27, 28] by ADM , Hermit and Bessel orthogonal functions collocation method respectively. A series solution obtained in [17] , by using ADM, is:
We apply RBF-DQ method to solve Eq. (22), therefore we construct the residual function as follows:
To obtain coefficients w
i,j and w (2) i,j , we put Res(x) = 0 at the N collocation points, and, then, we construct a set of N equations. By solving this set, we have the approximating function f i . Table 9 compares the f (x) obtained by the proposed method in this paper and [17, 27, 28] . The resulting graph of the isothermal gas spheres equation in comparison to the presents method and those obtained by wazwaz [17] is shown in Fig. 3. 
Example 4
For f (x, y) = sin(y(x)), A = 1 and B = 0, Eq.(1) has the following form: with conditions
A series solution obtained by Wazwaz [17] by using ADM is:
+ kl(− 113 3265920
where k = sin(1) and l = cos(1). Now we apply RBF-DQ method for Eq. (25) and construct the residual function as follows:
i,j and w (2) i,j , we put Res(x) = 0 at the N collocation points, and, then, we construct a set of N equations. By solving this set, we have the approximating function f i . Table 10 compares the f (x) obtained by the proposed method in this paper and [17, 27, 28] . The resulting graph of the isothermal gas spheres equation in comparison to the presents method and those obtained by wazwaz [17] is shown in fig.4. 
Example 5
For f (x, y) = 4(2e
2 ), A = 0 and B = 0, Eq.(1) has the following form: 
which gives the following analytical solution:
This type of equation has been solved by [27, 35, 89] with VIM, HPM and HFC method respectively. We applied the RBF-DQ method to solve this Eq. (26) . We construct the residual function as follows:
i,j and w (2) i,j , we put Res(x) = 0 at the N collocation points, and, then, we construct a set of N equations. By solving this set of equations, We have the approximating function f i . Table 11 shows the comparison of y(x) obtained by method proposed in this paper and analytic solution Eq. (27) . In order to compare the present method with the analytic solution,the resulting graph of Eq. (27) is shown in Fig.5 .
Example 6
For f (x, y) = −6y(x) − 4y(x) ln(y(x)), A = 1 and B = 0, Eq.(1) has the following form: 
which has the following analytical solution:
This equation has been solved by some researchers; for example [30, 89] by applying VIM and linearization methods, respectively. If we apply the RBF-DQ method for Eq. (28) , in this model we have y(x) ln(y(x)) term which increases the order of the calculation; therefore we can use the transformation y(x) = e z(x) , in which z(x) is an unknown function for the following equation:
Now we apply the RBF-DQ method for solving Eq. (30) and construct the residual function as follows:
i,j and w (2) i,j , we put Res(x) = 0 at the N collocation points, and, then, we construct a set of N equations. Table12 shows the comparison of y(x) obtained by method proposed in this paper and analytic solution, i.e. Eq. (28) . In order to compare the present method with the analytic solution,the resulting graph of Eq. (29) is shown in Fig. 6. 
Example 7
For f (x, y) = −2(2x 2 + 3)y, A = 1 and B = 0, Eq.(1) has the following form:
This type of equation has been solved by some researchers, for example [30, 88, 89] by using linearization, HPM and VIM methods, respectively. Now we apply RBF-DQ method for Eq.(31)and construct the residual function as follows:
i,j and w (2) i,j , we put Res(x) = 0 at the N collocation points, and, then, we construct a set of N equations. By solving this set, we have the approximating function f i . 
Example 8
For f (x, y) = xy(x), h(x) = x 5 − x 4 + 44x 2 − 30x, A = 0 and B = 0, Eq.(1) will be one of the Lane-Emden type equations that is absorbing to solve
subject to the boundary conditions
This type of equation has been solved by [27, 30, 39, 45] with HFC, linearization, HAM and HPM method respectively. We applied the RBF-DQ method to solve this Eq.(33).
We construct the residual function as follows:
i,j and w (2) i,j , we put Res(x) = 0 at the N collocation points, and, then, we construct a set of N equations. By solving this set of equations, We have the approximating function f i . 22 Table 14 shows the comparison of y(x) obtained by method proposed in this paper and analytic solution, i.e. Eq. (33) . In order to compare the present method with the analytic solution,the resulting graph of Eq.(34) is shown in Fig. 8. 
Example 9
For f (x, y) = y(x), h(x) = 6 + 12x + x 2 + x 3 , A = 0 and B = 0, Eq.(1) will be one of the Lane-Emden type equations that is absorbing to solve y ′′ (x) + 2 x y ′ (x) + y(x) = 6 + 12x + x 2 + x 3 , x ≥ 0,
subject to the boundary conditions y(0) = 0,
This equation has been solved by [27, 30, 39, 45] with HFC, linearization, HAM and HPM method respectively. We applied the RBF-DQ method to solve equation Eq. (35) .Therefore,we construct the residual function as follows:
Res(x) = x To obtain coefficients w
i,j and w (2) i,j , we put Res(x) = 0 at the N collocation points, and, then, we construct a set of N equations.By solving this set of equations, We have the approximating function u i .
Table15 shows the comparison of y(x) obtained by method proposed in this paper and analytic solution, i.e. Eq. (35) . In order to compare the present method with the analytic solution,the resulting graph of Eq.(36) is shown in Fig. 9 .
Conclusion
The LaneEmden equation describes a variety of phenomena in theoretical physics and astrophysics, including aspects of stellar structure, the thermal history of a spherical cloud of gas, isothermal gas spheres, and thermionic currents [4] . Since then the equation has been a center of attraction. The main problem in this direction is the accuracy and range of applicability of these approaches.
The main goal of this paper was to introduce a RBF-DQ method to construct an approximation to the solution of non-linear LaneEmden equation in a semi-infinite interval Our results have better accuracy with compared to other results. The validity of the method is based on the assumption that it converges when increasing the number of collocation points. A comparison is made among the exact solution and the numerical solution of Horedt [5] and series solutions of Wazwaz [17] , Parand et al. [28] and the current work. The results of the present method for this type of problem clearly indicate that our method is accurate.
